The problem we consider is when a group ring K[G] over a field is reversible, i.e. satisfies the implication (ab = 0) → (ba = 0). For G torsion-free, this is strictly connected with the zero divisor conjecture. In this paper, we characterize reversible rings K [G] for torsion groups. In particular, all finite reversible group rings are described. Our results exhibit a broad class of reversible rings, which are not symmetric.
Introduction
A ring R (with identity) is reversible if ab = 0 implies ba = 0, and it is symmetric if abc = 0 implies acb = 0, for all a, b, c ∈ R.
The study of reversible rings, as a natural common generalization of commutative rings and integral domains, is suggested in [2] by P.M. Cohn. He has observed, in particular, that these rings satisfy Köthe conjecture. G. Marks [5] has clarified the relationship between reversible and symmetric rings, showing, in particular, that the group ring F 2 [Q 8 ] of the quaternions over the two-element field is reversible, but not symmetric (in the earlier literature, it has sometimes been erroneously asserted that the conditions are equivalent!).
In [3] , we have observed that these conditions are closely connected with general permutability of zero products. Namely, let P n (R) denotes the group of all permutations σ on n letters such that (x 1 x 2 . . . x n = 0) → (x σ (1) x σ (2) . . . x σ (n) = 0), for all x 1 , x 2 , . . . , x n ∈ R. Then, for each ring R with identity, one of the following conditions hold [3, Theorem 2.1]:
(i) P n (R) = I n for all n 2, (ii) P n (R) = C n for all n 2, (iii) P n (R) = Σ n for all n 2, where Σ n ⊇ C n ⊇ I n denote, respectively, the full symmetric group on n letters, the group generated by the cyclic permutation (1, 2, . . ., n), and the trivial group generated by the identity. This result classifies rings with 1 into three types of which the second seems rather rare. Many rings, including the rings of matrices, may be shown to be of type (i): this is the class of non-reversible rings. The commutative rings or rings without zero divisors are of type (iii), which is the class of symmetric rings. The rings of type (ii) are those reversible, but not symmetric. All known examples in this class involve the construction of a group ring or a semigroup ring, F 2 [Q 8 ] being the smallest known example (cf., [ Examples 5, 7] ).
In this paper we try to determine which of the group rings K[G] over fields are reversible, and not symmetric. If G is abelian, then the ring is commutative, and therefore symmetric (hence reversible). But if G is non-abelian, then the question is certainly not an easy one. In particular, for G torsion-free, it depends on the zero divisor conjecture, since if the ring K[G] has no zero divisors, then it is symmetric. Thus, asking whether such a ring is reversible may be an interesting easier version of the zero divisor conjecture.
Here, we deal with the other extreme, which includes the case of F 2 [Q 8 ]: we will assume that G is a torsion group. We prove first that in such a case, if K[G] is reversible, then G is hamiltonian. Using the structure theorems for hamiltonian groups and for group rings of finite abelian groups over fields, we show that the question can be reduced to rings This leads to a conclusion that if a group ring K[G] of a non-abelian torsion group G over a field K is reversible, then G is a hamiltonian group, K is a field of characteristic 0 or 2, the equation x 2 + y 2 + 1 = 0 or x 2 + x + 1 = 0, respectively, has no solution in any cyclotomic field K(ζ n ) for any odd n which is an order of an element in G, and in case of characteristic 2, G has exactly one element of order 2. Conversely, each such group ring is reversible (Theorem 5.1).
Finally, using the well-known description of the cyclotomic fields over finite fields, we obtain a full description of finite reversible group rings over fields. Namely, a finite group ring K[G] is reversible if and only either G is abelian or else K is 2 k -element field with an odd k 1, and G = Q 8 × A, where A is an abelian group whose order divides 2 d − 1 for some odd d 1. Moreover, such a ring is symmetric if and only if G is abelian. Thus, the result describes, in fact, the class of all finite reversible group rings over fields that are not symmetric, generalizing the example given by G. Marks.
Reduction to rings of the quaternions
If G is an abelian group, then K[G] is commutative, whence symmetric. So we are interested in the case when G is non-abelian. We start from the following. Proof. Assume that x ∈ G \ {1}, and let n denote the order of x. Then for all y ∈ G we have In fact, n may be taken to be an exponent of H rather than the order, but we will need the result in the above presented form. We will combine it with the following observations. Proposition 2.3. For all rings R 1 , R 2 , R, and a group G, 
holds for all choices λ g , µ g such that a, b have finite supports. With every such choice, the implication above is equivalent to a finite set of quasi-identities in R of the form
where the conjunction runs over all g = f h for which λ f µ h = 0, and the quasiidentities run over all e = hf for which µ h λ f = 0. Since the supports of a, b are finite, the conjunction and the set of quasi-identities are finite. Now, it is well known that a quasi-identity holds in R 1 × R 2 if and only if it holds in both R 1 and R 2 , which easily implies (i). The second statement follows from the fact that a finitely generated abelian torsion group is finite. The proof is the same for symmetric rings. 2
Thus, in the case of a torsion group G the question if the ring
is reversible (symmetric) can be reduced to that if all the rings K i [Q 8 ] of the quaternions are reversible (symmetric), for each field K i in the direct decomposition of K[H ] given by Theorem 2.2, for any finite subgroup H of B × A. The only obstacle is the assumption about the characteristic of the field, but as we will see it can be overcome. For now, we concentrate on the rings of the form
We use standard notation Q 8 = {±1, ±i, ±j, ±k} for the quaternions, and
for the elements of the group ring
The condition aa = 0 in this ring is equivalent to a system of eight equations in K. In order to handle this system, for an element a as above we abbreviate t = (t 1 , t 2 ),
, and denote briefly a = (t, u, v, w). Further, for a = (t , u , v , w ), we define two formal products
, then aa = b if and only if the following equations hold in K:
Note that, for each q ∈ Q 8 , the left-hand side of the equation corresponding to b −q is obtained from that corresponding to b q by changing only the types of the "product" used. Another symmetry in (S) is that the system is invariant on the cyclic permutation of letters (u, v, w). These observations help to handle the system.
We introduce one more notation. For all letters x ∈ {t, u, v, w} we put 
Proof. Denote a a = λand aa = µ, with q running over Q 8 . Then, using properties of traces (cf. [8, p . 721]), we have λ 1 = tr(a a) = tr(aa ) = µ 1 , and 
where α, β, γ are the minors in D, and consequently aa = a a if and only if α = β = γ = 0, as required.
Characteristic = 2
Further inspection of the system (S) shows that the reversibility of K [Q 8 ] depends on the characteristic of K. In this section we prove the following Proof. First, in order to reduce the number of equations in (S), we note that (in a field of characteristic different from 2) the element e = For a, a ∈ K[Q 8 ]f , x 1 + x 2 = 0 for all x ∈ {t, u, v, w}, and consequently xx = 2x 1 x 1 and x · x = −2x 1 x 1 . Applying these to (S), it follows that aa = 0 if and only if
Moreover, the matrix D in Proposition 2.4 can be replaced now by
Dividing the equations in (S ) by t 1 and t 1 , if possible, we may assume that t 1 , t 1 ∈ {0, 1}. This leads to four cases to consider. We show that, if x 2 + y 2 + 1 = 0 has no solution in K, than in each case a a = 0.
First, if t 1 = t 1 = 0, then from the last three equations we get that the minors of D (of order 2) are all equal 0. Hence the row vectors in D are dependent, and by virtue of Proposition 2.4, a a = 0, as required. (Moreover, from the first equation in (S ), we may infer that either a = 0 or a = 0, which we note here for a future reference.)
If t 1 = 0 and t 1 = 1, then multiplying the last three equations of (S ) by u 1 , v 1 , w 1 , respectively, we obtain u 2 1 + v 2 1 + w 2 1 = 0, whence a = 0. Similarly, if t 1 = 1 and t 1 = 0, we obtain, a = 0.
Finally, in the case t 1 = t 1 = 1, multiplying again the last three equations by u 1 , v 1 , w 1 , respectively, and adding the results to the first equation, we obtain u 2 1 + v 2 1 + w 2 1 + 1 = 0, and by the symmetrical argument, (u 1 ) 2 +(v 1 ) 2 +(w 1 ) 2 +1 = 0. Combining these with the first equation of (S ) we get (u 1 
This proves the "if" part of Theorem 3.1. To prove the "only if" part, let x, y be elements in K satisfying x 2 + y 2 + 1 = 0. It is enough to exhibit two elements a, a ∈ K[Q 8 ] such that aa = 0, while a a = 0. We left to the reader checking that the elements of K[Q 8 ]f given below have the required property: All reversible rings considered in this section are, in fact, symmetric. This is connected with the Pfister's result [10] that the level of the field is a power of 2, i.e., if the equation x 2 + y 2 + 1 = 0 has no solution, then the equation x 2 + y 2 + z 2 + 1 = 0 has no solution, either (cf. [6, p. 516] ). This combined with the proof of Theorem 3.1 yields the result.
Indeed, note that in the three cases considered in the proof we have that aa = 0 if and only if a = 0 or a = 0. In the fourth case (t 1 = t 2 = 1), we have proved that u 2 1 + v 2 1 + w 2 1 + 1 = 0, which in view of the Pfister's result, is impossible. Hence, if aa a = 0, for some a, a , a ∈ K[G]f , then a aa = 0, as required. 8 ] over a field of characteristic 0 is symmetric.
Corollary 3.3. Each reversible ring K[Q

Characteristic 2
The proof in the previous section does not apply for characteristic 2, because we cannot use any decomposition with the element f = 
Further, we may assume that the augmentations of the elements a and a (the sums of the coefficients) are 0, since each element with the augmentation different from 0 is invertible in the case of characteristic 2 (the fourth power of a is of the form aug(a) · 1). Hence, we have
Now, summing up all the equations in (S ) we get
Indeed, summing first the expressions in the first column, we obtain
In view of (3), the sums in parentheses are equal. Hence, the result is
Similarly, the results of summing expressions in the further columns are, respectively,
Using (2), and summing all the results we get (4). In turn, applying (2) and (3) to (1) yields
where α, β, γ are the minors of the matrix D. It follows that the determinant
and consequently, there exist λ, µ and ν in K, not all equal 0, such that
Note that at least one of µ, ν must be non-zero. First we consider the case, when both µ, ν = 0. Then, computing d u , d v , and d w from (6), and substituting in (4) we get
We show that 
or, substituting
Similarly, by symmetry permuting cyclically u, v, w, we get
From the last three equations it follows that either d u = d v = d w , as required, or x 3 + 1 = 0. For the latter, substituting x = y + 1, we obtain y(y 2 + y + 1) = 0, which in view of our assumption yields y = 0, i.e., x = 1. It follows that d u = d v = d w = 0, in any case, and therefore, again a a = 0.
The proof in the case µ = 0, and ν = 0, due to some symmetry between variables x and x , is almost identical. This completes the "if" part of the theorem. (In particular, we have proved that the ring F 2 [Q 8 ] is reversible, which is a result obtained by G. Marks [5] using more computational approach.)
To prove the "only if" part, we consider elements
A routine checking shows that aa = 0 and a a = 0. 2
Obviously, the equation x 2 + x + 1 = 0 possesses solutions in the Galois field F 4. It follows that it has such solutions in all fields F 2 n , with n an even integer, because in this case F 4 ⊆ F 2 n . On the other hand, it is not difficult to see, that F 2 n , for n odd, has no such solution. Hence for finite fields we have 
Applications
First, we apply the results of Sections 3 and 4 to obtain a general characterization theorem. Recall, that by K(ζ n ) we denote the cyclotomic field generated by the primitive nth root of unity ζ n over K. Char(K) denotes the characteristic of the field K. Further, if Char(K) = 2, then B has to be trivial (which is equivalent to that G/Q 8 has no element of even order). Indeed, otherwise
] as a subring, where C 2 = {1, x} is a group of order 2, and this ring is not reversible. To see the latter, it is enough to check that elements 
, where P is an irreducible factor of the nth cyclotomic polynomial over K, and the degree d of P is the least positive integer such that n divides The numbers n satisfying the conditions of Theorem 5.2 are n = 1, 7, 31, . . .. Hence, the rings In particular, for the field Q of rationals, (F 2 × Q) [Q 8 ] provides an example of a reversible but not symmetric group ring over a ring of characteristic 0.
